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Upon /i-normal F-linear connections 

on ji(r,M) 



Mircea Neagu 



Abstract 



Section 1 introduces the notion of /i-normal F-linear connection on the 
1-jet fibre bundle J^{T,M), and studies its local components. Section 2 anal- 
(~| ■ yses the main local components of torsion and curvature d-tensors attached to 

an /i-normal F-linear connection V. Section 3 presents the local Ricci identities 
induced by V. The identities of the local deflection d-tensors are also exposed. 
Section 4 is dedicated to the writing of the local Bianchi identities of V. 



Mathematics Subject Classification (1991): 53C07, 53C43, 53C99. 
Key Words: 1-jet fibre bundle, nonlinear connection, F-linear connection, /i-normal 
f~^ ' F-linear connection, Ricci and Bianchi identities. 

o 

0\ ; 1 Components of /i-normal F-linear connections 



Let T (resp. M) be a "temporal" (resp. "spatial") manifold of dimension p (resp. 
n) which is coordinated by (i")^^^-^ (i'esp.(x')j^Y-;j). Let us consider the 1-jet fibre 
bundle J^{T,M) -^ T x M, naturally coordinated by (i", x*, a;„). The coordinate 

2 ' transformations on the product manifold T x A4, induce the following coordinate 

f^ . transformations (gauge group) on J^{T,AI), 

X ■ n n J ^' ^£'{x^) 

H ■ ^ ' 1 dx' dtf^ ■ 

Note that, throughout this paper, the indices a,/?,7, . . . run from 1 to p while the 
indices i,j, k, . . . run from 1 to n. 

On E — J^{T, M), we fixe a nonlinear connection F defined by the temporal com- 

(i) (i) 

poncnts M}{g and the spatial components N}{-.We recall that the transformation 
rules of the local components of the nonlinear connection F are expressed by |10|] 



(1.2) 



mU) ^ = m^'^ dx^dr_dx^ 



Example 1.1 Let hapiV) (resp. gij{x^)) a semi-Riemannian metric on the temporal 
(resp. spatial) manifold T (resp. M), and iJ^fl (resp 7^^) its ChristoflFel symbols. 
Studying the transformation rules of the local components 



7 



(1.3) 



m/^). =-H 



xi 



a/3 -^7 



N, 



we conclude that Fq = (AfHs^, ^fgL) represents a nonlinear connection on E. This is 
called the cannonical nonlinear connection attached to the semi-Riemannian metrics 
ha0 and (pij . 

Let us consider I -—,-—,——[ C XiE) and {dt°' , dx\ Sxl^} C X*{E) the 
adapted bases of the nonlinear connection F, where 

d 



(1.4) 



5 

_5_ 
Sx"^ 









N, 



U) 



d 



r(0 



dxl = dxX + My'^dtl^ + Nl'dx^ 



{»-)P 



(a)j 



These bases will be used in the description of geometrical objects on E, because their 
transformation laws are very simple |llO| : 



(1.5) 



_5_ 



dP__S_ J_ 



di^ 5 
dx^ Sx^ ' 



d 

dxi 






dt" = %dtP, 

dtp 



dx^ Ox^ dt 

dx^ — — — -dx^ , Sxl, — — — r— — Sxi,. 



dxi 



dxi dt^ 



In order to develope the theory of F-linear connections on the 1-jet space E, we 
need the following 

Proposition 1.1 i) The Lie algebra X{E) of vector fields decomposes as 

X{E) = XiUr) ® X{Hm) © ^(V), 

where 



X{T-Lt) — Span 



_S_ 



X{TLm) — Span 



5x^ 



Xiy)^Span[-^^ 



ii) The Lie algebra X*{E) of covector fields decomposes as 
X*{E) = X*{nT) ® X*{Hm) © X*{V), 
where 

X*(nT)^Span{dt°'}, X*{nA4)^Span{dx'}, X*{V) ^ Span{6xl^}. 



Let us consider hx, Hm (horizontal) and v (vertical) as the canonical projections 
of the above decompositions. In this context, we have 

Definition 1.1 A linear connection V : X{E) x X{E) -^ X{E) is called a T-linear 
connection on E if V/it = 0, Vft-A/ = and Vw = 0. 

In order to describe in local terms a F-linear connection V on E, we need nine 
unique local components, 

(^ a\ \7r — ir'O' r<^ n(i)(P) fa rk T(i)(P) /=.a(7) ^j(7) r'(i)(P){l)\ 

^i.Dj Vi -{^fj^, Ltj-,, <-^(a)(j)-y, i^flj, i^iji ^(Q)(j)fe' ^f}{k)^ ^i(k)^ '-'{a)(j)(k)h 

which are locally defined by the relations 

(h \ \7 ^ ^fo. S rr ^ _rk S yj 9 _ (fc)(/3) 9 






^""^ ^±T 5tP ~ ^^(^) Sf^ ' ^^ Sx^ ~ ^^W <5xfc ' ^ifr dx% ~ ^(")(^)0) Sx^ 



Remark 1.1 The transformation rules of the above connection coefficients are com- 
pletely described in [ p^ . 

Example 1.2 Let us consider Fq = {M^lg, -/VfH ) the canonical nonlinear connection 
on E, attached to the semi-Ricmannian metrics pair {hctii^Lpij). In these conditions, 
the following local coefficients [O 



BF, 



(fc)(/5) n Tk r('=)('9) 



where G^;^ = H^^^ g\^1 = -5^H^^^ L% = ^% and Ll^/ff). = 8^^^%, verify the 
transformation rules of the local coefficients of a Fo-linear connection. This is called 
the Berwald To-linear connection of the metrics pair {haf}, '^ij)- 



Now, let V be a F-linear connection on iJ, locally defined by 1.6. The linear 
connection V induces a natural linear connection on the d-tensors set of the jet fibre 
bundle E — J^ (T, M) , in the following fashion: starting with a vector field X and a 
d-tensor field D locally expressed by 



X = X"-^ + X™- + X 



(m) 



5t°^ Sx"^ (") ax™ ' 

^ = <(S-.-.-. ^^^^^^dt-^^dx'^Sxl.., 

we introduce the covariant derivative 

v^D = x^v^D + x^y^D + x%v^D = {x^z^-gg-;;./^ + x^ 



where 



{hi 



D 



jk{l3){l).../e 






-,Mj){S) 



+ -^7fc(/3)(0->A'e + 



j^am{j){S)...^i j-.ai(m)(S)...^,{j){p) 



_-r,ai(j)(S)... ^^ 

"^Mfe(/3)(0-- 7£ 



£> 



Qi(j)((5)... ^m 
7m(/3)(i)..."^fe£ 



jjai(j){p)... Q{m)(5) 



'-/k{l3){m) 



'Mil) 



{h 



D 



ai(j)(S)... 
lk(li){l)...\p 



°^^k(p)(l)- 

SxP 



j^tJ.i(j){S)... fa 
^■yk{p)(l)...-^t^p~ 



M) 



p.am{j){S)... ji j^ai{m){5)... j-(j){fj.) 

-^7fc(/3)(0- -^™P+ 7fc(M)(0- ^(/3)Mp 



-D 



ai(j){S). 



iik{p)(l)...-^lP 



L!^.„ - D 



iO)(<5). 






'ym(f3){l)...-^kp 



D 



iU)M- 



L 



{m)iS) 



7fc(/3)(m)...-^(,x)(i)p 



{V) 



flT-,0'i{j){S).. 
^mO)(5)...|(£) _ <^^7fc(/3)(0- 



'jk{l3){l)...\{p) 



dxl 



D 



fj.i{j){5)... ^a{e) 
7fc(/3)(0...'-'M(p) 



p.am{j){5)...^i{6) j~.ai{m){S)...^{j)ip)(e) 

^-lk{fi){l)... ^mip) + ^fk{f,){l)... '-(/3)(m)(p) 



j^ai(j)(S)... ^fi(e) _ j~.ai{j){S)... ^m(e) 
'^Mfe(/3)(0-- 7(P) ^7m(/3)(0-- fc(p) 



j~.ai{j){p)... ^(m)(<5)(e) 
^7fc(/3)(m)...^(M)(0(p) 



The local operators "/s", "|p" and "|[^n" are called the T -horizontal covariant 
derivative, M -horizontal covariant derivative and vertical covariant derivative of the 
F-linear connection V. 



Remarks 1.2 i) In the particular case of a function f {f , x'^ , x'^) on J^{T,M), the 
above covariant derivatives reduce to 



(1.7) 



Sf df 



(k) df 



■'1^ X^e P>K (y)ea^k 



5t^ dt^ ^' (T)^(9a;J 



/|P 



(5/ _ df 
SxP dxP 



N, 



(fc) df 
h)PQxk 



J\(P) Q^P- 



ii) Particularly, starting with a d- vector field X on J^{T, M), locally expressed by 



X ^ X' 



6t°^ 



X' 



s 

6x'^ 



X 



i^) 



d 



(a) Q^z 



the following expressions of above covariant derivatives hold good: 

SX'^ 



{hi 



^% = 


5t^ 


- + X^G% 




^%- 


SX' 
St^ 


+ ^"GJ„e 












5t- ' ^^(^) 



(h 



AX" 



M) 



(v) 



X 
X' 

X' 

X. 



P 5xP 



rnp 



sx 



(0 

(a) 



(») _ 

{a)\p g^p 

de)_dX^ 

(e) _ dX' ™ „^(£) 



^(m)^(i)(^) 
(m) (a)(m)p' 



W i(e) 



dX 



(a) 



-^(m)^(i)(M)(£) 



. (")i(p) axf 

iii) The local covariant derivatives associated to the Berwald Fo-linear connection, 
wiU be denoted by "//,", "||p" and "||gj". 

Now, let ha/3 be a fixed pseudo-Riemannian metric on the temporal manifold T, 
H2p its Christoffel symbols and J — JfJ^g gfr ®dt^ ®dx^ , where J^Xa ■ — hapS'^^, the 
normalization d-tensor px[ | attached to the metric hap. The big number of coefhcients 
which characterize a F-linear connection on E, determines us to consider the following 

Definition 1.2 A F-linear connection V on J^{T, M), defined by the local coefficients 



-.(fe)(/3) fa 



(k)(p} ^a(7) ^fc(7) ^(fe)(,3)(7)^ 






(a)(i)j'^/30) '^iO) '^(a)(i)0) 



that verify the relations G^ = ^^7' ^/37" ~ ^^ ^pll) ^ '^ ^^^ ^"^ ^ '^' ^^ called an 
h-normal T-linear connection. 

Remark 1.3 Taking into account the local covariant T-horizontal "z^", M-horizontal 
"|fc" and vertical "|/m covariant derivatives induced by V, the condition VJ = is 
equivalent to 






In this context, we can prove the following 



Theorem 1.2 The coefficients of an h-normal T-linear connection V verify the iden- 
tities 






^1 ^^ rv- 



r(fc)(/9) 



0, 






^ "7' {a)(i)j 



sm,, c, 



(fe)(/5)(7) 

(«)W0-) 






Proof. The first three relations come from the definition of an /i-normal F-linear 
connection. 



The condition V J = implies locally that 



^Pt^'^iUuh ^ ^^P'^)i + ^] 


dKp 


h r(*)(M) J Ti 




"-/3M<-'(a)(i)(fc) ~ ""/3S(fc)' 





where iJ^^a = H'i h^a represent the Christoffel symbols of the first kind attached 
to the pseudo-Riemannian metric hap- Contracting the above relations by h^^ , one 
obtains the last three identities of the theorem. ■ 

Remarks 1.4 i) The preceding theorem implies that an /i-normal F- linear on E is 
determined just by four effective coefficients 



(1.8) 



vr - (iJ^^, Gi^, Ly , C.^^.^ ). 



ii) In the particular case (T, h) = (i?, (5), a (S-normal F-linear connection identifies 
to the notion of A^-linear connection used in Lagrangian geometry ||5|] . 

Example 1.3 The canonical Berwald Fo-linear connection associated to the metrics 
pair (hapjipij) is an /i- normal Fo-linear connection, defined by the local coefHcients 

2 Components of torsion and curvature d-tensors 

The study of the torsion T and curvature R d-tensor of an arbitrary F-linear 
connection V on i5 was made in ||I3|. In that context, we proved that the torsion 
d-tensor is determined by twelve effective local torsion d-tensors, while the curvature 
d-tensor of V is determined by eighteen local d-tensors. 

Let us start with an /i-normal F-linear connection V. Following the formulas 
described in pa and using the properties of V, it follows that the torsion d-tensors 



rpfl 

good. 



T^ and P^, -, vanish. Moreover, we deduce that the following theorem holds 



Theorem 2.1 The torsion d-tensor T of an h-normal T-linear connection V, is de- 
termined by nine effective local d-tensors, 



(2.1) 





llT 


flM 


V 


IitIit 










liMhr 





rpm 




hAlflM 









vllT 








(M)"(i) 


vhM 







p(m) (P) 


vv 








c,(m)(Q)(/5) 



where 



P, 



^) (/3) 



R 



(m) 



5tP 



dxp 



St^ 



^lG7^ 






r,(m) (/3) 



9iV, 



(m) 



9x^ 






i? 



(m) 



5x3 



5N, 



(m) 



(5i^ 



i? 



J7V, 



(m) 



5N, 



(m) 



(A')ii 



(5a;J 



5x^ 



S, 



(m)(a)(/3) 






,5'?C 



?n(Q) 



T^rj 



^^jay ij 



l:- 



T m p 



(/3) 



c; 



m(/3) 



(M)(i)(j) A'^iO) M^jXO ' ^aj ^JQ.' -^ij ^ij ^ji'-'iij) ^i{j) ' 

Remark 2.1 For the Berwald Fo-linear connection associated to the metrics hap and 
ifij , all torsion d-tensors vanish, except 



(2.2) 



R 



(m) 



_rT7 m 



i? 



(m) 



where H2aB (resp. r^i) are the curvature tensors of the metric hap (resp. fij). 

The form of expressions of local curvature d-tensors from the general case of a 
F-linear connection [|l2| , and again the properties of the /i-normal F-linear connection 
V, imply a reduction (from eighteen to seven) of the number of the effective curvature 
d-tensors attached to an /i-normal F-linear connection. Consequently, we obtain 

Theorem 2.2 The curvature d-tensor R 0/ an h-normal T-linear connection V, is 
characterized by seven effective local d-tensors, 



(2.3) 





hT 


hu 


V 


hThT 


Tja 


^\m 




hnhx 





^ipk 




hrnhn 





Rijk 


^{ri){i)jk -%^tjk 


vhx 





pi (7) 

^ip(k) 


p(/)(«) (7) rap/ {7) 

^(v){t)0(k) - "n^tp(k) 


vhM 





p'(7) 


p(0(")(7) ^apU7) 
^{n){i)j(k) "V^zjik) 


vv 










where 






S7-"a'/3' 



R 



SG: 



iPl 



SG: 



r: 



iPk 



St-r 
5G\p 



StP 
SLl, 












5x^ 5t(^ 



j^ /~tm tI Trn/~tl _. /^l{p) pi™-) 

+ ^iP^mk ~ ^ik^mp + ^i{m)^(p.)pk^ 



R 



ijk 



:,l (7) 
iP(k) 



d'(7) 
ij{k) 



5x^ 



5L\ 



6x3 



T ra T L 

^ij ^mk 



UHL. 



ik raj 



r^Kp) p(™) 

'~'^{m)^(^.)3k^ 



^^^13 _ (^1(1) , ^'(m) p{m) (7) 

Q^k ^i(k)/P ^ ^i{my{p.)P{k) ' 



dx^ 



^i{k)\j 



r^iM p(™) (7) 

^^inl)^{^L)j(k) ' 






dc: 



(fe) 



iU)ik) 



dx!^ 



9^0 



^m(/3)^/(7) 
^zU) '-'m(fc) 






Remark 2.1 In the case of the Berwald Fo-hnear connection associated to the metric 



pair {haf3,ipij), aU curvature d-tensors vanish, except H^^ and i?^ j, 
r' J, are the curvature tensors of the metric fij . 



'yfe' 



where 



3 Ricci identities. Deflection d-tensors identities 



The Ricci identities of a F-hnear connection are described in ||T3| . In the particular 
case of an /i-normal F-linear connection, these simphfy because the number and the 
form of the torsion and curvature d-tensors reduced. A meaningful reduction of 
these identities can be obtained, considering the more particular case of an /i-normal 



F-linear connection V of Cartan type, (i. e. , -L*^, = LL- and C 



-'kj 






Cg]j). In that 



case, the condition L^ — Li- implies TV = 0. Consequently, we have 



"fcj 



jk 



Theorem 3.1 The following Ricci identities of an h-normal T -linear connection of 
Cartan type, are true: 



[hr) 



{h 



M) 



yet 

^//3/7 

^/p\k - 



VOL V U, TTOt 

^\k/P — ^\m-^lik 



j^a|(M) ^(™) 



X 



l(m) (ai)/37 



(m)^(ti.)(5k 






X" 



(7) 



X 



/I3\(k) 

Q|(7) _ 
Ijl(fe) " 



X 



a I (7) 



X 



{k)/0 
adl) _ 

kk)\j - 



|(m) n(™) 
l(m)^(M)ife 

. _yQ|(A') p(™) (7) 
^ \(m)^(p}l3{k) 



'Xf'C 



"1(7) 



m j(k) 



ya\{p) p(™) (7) 
^ \{m)^{p.)]{k) 



X 



a|(/3)|(7) 



10) Kfc) 



X 



X 



//3/7 



X 



hlfi 



a|(7)|(/3) 

kfc)io') 



'rnl3^f 



_ ya|(A') c(™)(/3)(7) 
-^ l(m)'^(M)0)(fe) ' 

vilifJ-) n(™) 
^ l(m)"(M)/37 



vi yi "ir^'^ f?^ V^ T^rn \^i I (m) p("^) 



X 



\j\k 



yt yra TDi 



Yi\(p) n(™) 
^ l(m)^(p)jfc 



X 



(7) 
//3l(fc) 



X'' 



(7) 
(fc)//3 



X™F 



i (7) 



X 



X 



(7) 
Ijl(fc) 

»|(/3)|(7) 

Kj) kfc) 



x^ 



(7) 

(fe)b' 



X™P 



m/3(fc) 

i (7) _ 
mjik) 



Yi\{lJ-) p("») (7) 
^ l(m)^(p)/3(/c) 



^iLc: 



m(7) 
J(fc) 



vi\{lJ-) p(™) (7) 
^ l(m)^(M)j(fc) 



X 



J|(7)|(/3) _ ^-mQi(/3)(7) 



l(fc)l(j) 



X'^S 



■U)(k) 



X 



i|(M) c-(™)(/5)(7) 
l(™)'^(M)0)(fe) ' 



{v) 



.W 



.(i) 



vy^) vy^l vi"^) r/i 






X 



(Q)//3|fc 



X 



(a)|fc//3 



X, 



X, 



X, 



(a)b|fe 

W 1(7) 

(a)//3l(/c) 

(i) 1(7) 
(Q)|jl(fc) ' 



X 



(a)|fcb- 






X 



(a)jm^/3fe 



-V^(«) |(m) n(™) 
^(a)l(m)-f1^(M)/3fe 



j^(«) |(m) dI™) 
(a)l(m) (/^)jfe 



-V'(«) 1(7) _ y(™) pi (7) 
^(a)l(fe)//3 — ^(q) ^mf3(k) 



yii) |(m) pC™) (7) 
^(a)l(m)-f^(M)/3(/c) 



X 



« 1(7) 
(a)l(fe)|j 



_ j^im)pi (7) 
(q) mjCc) 



X 



(i) 



c 



m(7) 



(a)|m j(fe) 



v(i) \ip) pi"^) (7) 
^(a)l(m)-f^(Mb(fe) 



^W |(/3)|(7) _ T^W |(7)|(/3) _ yM o*(/3)(7) 
^(a)la) l(fc) ^(a)l(fc)la) - ^(a) '^ma)(fe) 



^(j) |(a.) c'(m)(/3)(7) 
^(a)l(m)'='(M)0)(fc) ' 



w/iere X = X" 



<5r 



X' 



Sx^ 



X 



(a) Q^i 



is an arbitrary d-vector field on J^(T,M). 



In the sequel, let us consider the canonical Liouville d-tensor C= x'-— ^. We 

" dxl^ 

construct the deflection d-tensors associated to the h-normal T-linear connection V, 
setting 



(3.1) 



D 



(i) 
(a)/3 



^a//3> 



D 



(a)k 



^a\k^ 



j(«)(7) 
^(a)(fe) 



(7) 



1(7) 



where "7/3", "|fc" and 

direct calculation, the deflection d-tensors get the expressions 



/p , |fc ana u^; are the local covariant derivatives induced by V. By a 



(3.2) 



D 



(0 



= -M, 



(")/3 






H 



ap^fJ- 



D 



(")j 



rW 






Ai)(P) — XiXl3 _L_ r'i(P) ^m 



Applying the (u)-set of the Ricci identities to the components of the Liouville 
vector field, we obtain 

Theorem 3.2 The deflection d-tensors, attached to the h-normal T-linear connection 
V, verify the identities: 



(3.3) 



D 



(0 

(a)/3/7 



D 



(0 

(a)7//3 



= x™i?: 



'mfd-y 



D 



(0 

{a)f3\k 



D 



(0 

{a)k/fl 



— r"^R 



a ^mf3k 



•^^-"a/37 



«(a)(m)^(,.),37 



D 



D 



D 



(0 

(Q)j|fc 

(■0 1(7) 

(a)/3l(fc) 

(■0 1(7) 

{a)j\{k) ' 



D 



(0 

(a)k\j 

^(a)(fe)//3 
jW(7) _ 

l")(fc)b- " 



^mpi _ Ai)(p) n(™) 



a;™P 



x™P 



I (7) 

t/3(fc) 
(7) 



j(«)(m) p(™) (7) 
"(a)(m)^(,0/3(fe) 



mj{k) 



D 



(«) 



C 



^(7) 



(a)m j(k) 



j(«)(A') p('") (7) 
%)(m)-f^(,.)j(/c) 



jW(/3)|(7) 



7W(7) |(/9) _^mr,*(/3)(7) 



*(")(fe)IO) 



5 



m(j)(fc) 



,(^)(a.) o(m)(/3)(7) 
«(a)(m)'='(M)0-)(fe) ■ 



Remark 3.1 The importance of the deflection d-tensors identities is emphasized in 
1 PI I where is developped the (generalized) metrical multi-time Lagrangian geometry 



of physical fields on J^{T,M). In that context, the deflection d-tensors identities are 
used in the description of the Maxwell equations which govern the electromagnetic 
field of a (generalized) metrical multi-time Lagrange space H, pi| . 

4 Bianchi identities 

From the general theory of linear connections on a vector bundle E, is known that 
the torsions T and the curvature R of a linear connection V are not independent. 
They verify the Bianchi identities, whose expressions, in a local basis (Xa) of X{E), 
are §, @ 

{}-^{A.B,C}\^ABC ~ '^AB-.C ~ '^Ab'^CGI — ^ 
F 
Z^{A,B,C}\^DAB:C + "^AB^DAGI — ^^ 

where R(Xa,Xs)Xc = R^^a^d, T{Xa,Xb) = T^a^d and "^c" represents the 
local covariant derivative induced by V. 

In our context, we have E — J^{T, M). Let F = [M^\„, N^\,) be a fixed nonlinear 

connection on E^ and {Xa) ~ -; — , -^^^ tt^ I its adapted basis. In the sequel, we 

try to rewrite the above Bianchi identities for an /i-normal F-linear connection V of 
Cartan type on E. In this sense, taking into account that the indices A,B,... are 
of type \a,i, ["} >, it follows that the covariant derivative ":/i" becomes one of the 

coveriant derivatives "/„", "|i" or "|["n . Consequently, we deduce 

Theorem 4.1 The following thirty effective Bianchi identities of the h-normal 
V-linear connection V of Cartan type are true: 

1- 1 I]{q,/3,7}-^q/37 = 

10 A \ rpl rpm _ rpl \ r>l _ r~il(.lA pC™) 

1. 3 A{j^k} |Cfc(™)-R(")aj + ^J-afe + Tlj\k] = 

9 1 Y^ / pC) I pC) ('') p(™) \ — n 



(1) 



(2) 



-^{q,/3} |-n-(5)Qfe/;3 "•" ^{S)l3{m)^{fi)ak """ -"-(a)/?™^ afe J 

9 q /( / pW I p(0 (m) n(m) . pC) rpm \ 

Z. O ^{j,/£} \^^{S)aj\k ^ ^{S)k{m)-^{fj.)aj + ^{5)km-^ a] f 

9 /I Y^ / p(') _i_ p(') ('^) p(™) \ — n 



I p(0 (m) p(m) 
"•" ^{S)k{m)^{ti)af3 

- ^(<5)Qj|fe 
p(0 (m) p("i) 
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(3) 



(4) 



(6) 



(8) 



o 1 rpl i(e) _ ^l(s) rpm I pi (e) _ /^'(e) _ ^,l(p) p(m) (e) _ „ 
"3- -^ ^ak\(p) '^ m(p)-^ ak ^ ^ ka(p) ^ k(p) / a ^ k{m)^ (jj,)a{p) ~" 

\],l^i 1^ ](v)\k k(m) (m)j(p) 3k(v) ] ' 



A 1 J /p(') (^) J- P(') ('^) PM ("^^l - P(') l^"^) 



■'(5)a/3l(p) 

p(0(e) , c.(0(£)(m) n(™) 

^(5)(p)a/3 + '^(5)(p)(m)"(p)a/3 

~ ^(<5)afel(p) 



A A, , /pC) ('^) -^ pC) (^) pf") (-^U 

— c>(0(e) I c(0(e)(M) p(»") I r(0 /-<™(e) __ rpm p(0 (e) 

^((5)(p)Qfe ^ '^(S)(p)(m)^(il.)ak '^ ^(S)am^k(p) ^ ak^ (S)m(p) 



r c 1 /I rr''(/3)|(7) , r'™(7)^;(/9) \ _ c.U/3)(7) ^'(P) o(™)(/3)(7) 

(5) I ^-^ ^{f^^-l]}V"^U)\(k)+^^{k) ^Mj)] -'^^(Mk) ^(m)'^(M)0)(fc) ' 

a 1 ^ fpW (/3)|(7) , p(m) W aWh)M , p(0(/3) (7) \ _ 

{ o) ^ [1] } I ('')"(j) '('^) M^)"0) '^(-5)(fe)(™) + ^(5)a)a(fc) / - 

_ _c(0(/3)(7) „ c.M(/3)(7)p(0 (P) 
~ ^(S)U)(k)/a ^{p){j){k) ^i5)a{,n) 

(0(/3)(7)\ _ 



6.2 A 



( p{l) (/3)|(7) , p{^) m qOMit^) , p(0(/3)(7)\ 



o(0(/5)(7) _ c.(™)(/3)(7)p(0(M) 



r 7 1 Y- rQW(")(/3)|(7) , <;.(™)(a)(/3)<-,(0(7)(p) _ o(0(")(/9)(7) \ _ n 

(7) <^ '-^ ^{<°',<j)\<i;} I'^wwo) kfe) +'^(m)wo) -^wwm '='(5)wo)(fe) / - "' 



fi A \^ / n( _ p(™) p' (a*) \ 

«• "* 2^{a,/3,7} \-n.pa/3/7 ^(A<)a/3^p7(m) J 

o c /I / n( I n(™) p' (m) _ rpm pi \ — pi 1 p(™) p' 

9. (\ A / P' ^ r(™) p' (^) — T™. pi \ — _ P' ^ r(™) p' (^) 

O. U ■^{j^k} \^^paj\k ^ -^(^)aj^pfc(m) ^aj^pkmj — ^pjk/a ^ -^(^)a*;^j 

» 7 Y^ / p' _ r(™) p' (^) \ — n 



==0 



(fj,)af3 pk{rn) 

ylM 
pj{m) 
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(9) 



(10) <^ 



Q 1 A^ , / p' ('^) _ p(™) (s) p' (^') \ — pl K*^) I r(™) C''(e)(M) 
y- -L -^{a,/3} 'j^-r^Q(p)/;3 ^(p)q(p) -f^i,3(m)/ — -"-m/SKp) "'"^(p)Q/3'^i(p)(m) 

Q 9 /l / p' (^) _ p("') C*^) p' (m) \ _ r/l |(e) _ n(™) cKe)(M) _ 

f-lT^K^) Til I ^^?T^ p^ (s) 

no A f U^ (^) _ p(™) ('^) p' (a*) _ /^™(e) p; \ _ pi l^*^) I 

in 1 /I /p' ('3)|('r) _ pM (/5)c.;(7)(a') \ _ oKm-i) , 

iU. i ^1 (J) (^) I |-r,„(j) |(fe) -f^(^)„(j) '5p(fc)(m)/ - '=pO-)(fc)/a + 

"^'^(M)(i)(fc) ^pa(m) 

in 9 A /p' ('')i(t) p(™) (/5)c'K7)(m) ^r^^mpi (7) \ _ 



^{<J)',<;;} I P^O) l(fe) ■^(M)Hi) ^pik)im)+'-'iU) ^pm(k)] 



fill Y- ro«(«)(/3)|(7) , 



C.K/3)(7) , o(m)(/3)(7)p; (p) 



<-,(m)(a)(/3)<-,i(7)(A') \ _n 



where, if{A,B,C} are indices of type <.a,i, ,"} > then ^j^bc\ '^^o-'^s the cyclic 
sum, and A[a.b} nieans alternate sum. 

Remarks 4.1 i) In the particular case (T, h) = {R, S), the last identity of every above 
set of the Bianchi identities reduces to the one of the classical eleven Bianchi identities 
of an A^-linear connection from the Lagrange geometry ||^ . 

ii) The Bianchi identities of an /i-normal F-linear connection of Cartan type are 
used in the description of the Maxwell equations and the conservation laws of the 
Einstein equations of the gravitational potentials from the background of the (gener- 
alized) metrical multi-time Lagrange geometry of physical fields 0,1^. 

Acknoledgements. The author would like to thank to the reviewers of Journal 
of the Mathematical Society of Japan for their valuable comments upon a previous 
version of this paper. 
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